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You can realize a sphere as the zero set of a polynomial, but something like an
infinite bouquet of spheres cannot be so-realized.

Theorem (Nash Tagnoli). Every closed smooth manifold is diffeomorphic to a
non-singular algebraic variety.

The proof uses work of Milnor.
In 1980, this was extended to vector bundles. We have the classifying map

f : V → G(n, k). To say it is strongly algebraic means that f is entire and rational.
Showing that G-manifolds can be represented as algebraic varieties is still an

open problem. Many papers have already been published that made restrictions on
the group G or action of the group.
For closed smooth G-manifolds, the special cases where

• G is finite abelian with cyclic 2-Sylow subgroup or G is S1

• G is the product of a group of odd order and the 2-torus
• the action of G on the manifold is semifree
• the manifold is of dimension 2

have been completed (Dovermann, Masuda, etc.).

The case of G-vector bundles is also open, except in special cases. And G vector
bundles are strongly algebraic when

• G is the product of a group of odd order and the 2-torus
• the action of G on the manifold is semifree

have been completed (Dovermann, Masuda, etc. various papers).
My project is to work on all complex G-vector bundles for all compact Lie groups

where I restrict the base space to a sphere.
When compact Lie groups act on a 2-sphere, this is like a representation into

O(3).
Kim in 2010 has classified equivariant complex vector bundles into the 2-sphere,

meaning he has calculated the Chern classes. He created each of the bundle iso-
morphism classes through relatively complicated clutching maps.
He makes various CW complexes out of the sphere, such that the point groups are
symmetry groups of these CW complexes.
He glues the edges of the CW complexes correctly given group actions by the
isotropy groups of the barycenters of the faces.

Example. We can think of the sphere as CP 1, which is already a Grassmanian.
The action of C∞ is an easy case.

Date: Connections for Women: Algebraic Topology — MSRI — 24 January, 2014.

1



2 JEAN VERRETTE

Example. In 2001, Cho, Kim, Masuda, and Suh classified complex equivariant
vector bundles over the circle. We have S1 = RP 1 → CP 1 → G(C∞, 1). Here,
both C∞ and finite cycle groups are trivial cases. ∃ only one generator in the semi-
group of equivariant isomorphism classes.
Hence the bundle is determined by the dimension, and the equivariant homotopy
classes of classifying maps are also determined by the dimension.
When G = O(2), ∃ 2 generators for the the semi-group of equivariant isomorphism
classes. When G is the dihedral group ∃ 4 generators.
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